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Chiral Lagrangian treatment of ph scattering
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We studyph scattering in a model which starts from the tree diagrams of a non-linear chiral Lagrangian
including appropriate resonances. Previously, models of this type were applied topp andpK scattering and
were seen to require the existence of light scalars(560) andk(900) mesons and to be consistent with the
f 0(980). The present calculation extends this to include thea0(980), thereby completing a possible nonet of
light scalars, all ‘‘seen’’ in the same manner. We note that, at the initial level, theph channel is considerably
cleaner than thepp andpK channels for the study of light scalars. This is because the large competing effects
of vector meson exchange and ‘‘current-algebra’’ contact terms are absent. The simplicity of this channel
enables us to demonstrate the closeness of our exactly crossing symmetric amplitude to a related exactly
unitary amplitude. The calculation is also extended to higher energies in order to let us discuss the role played
by thea0(1450) resonance.

PACS number~s!: 13.75.Lb, 11.15.Pg, 11.80.Et, 12.39.Fe
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I. INTRODUCTION

In the last few years there has been a revival of interes
the lowest-lying scalar mesons. Various authors@1–27# have
debated evidence that their masses lie below 1 GeV and

not fit the pattern expected if they were conventionalqq̄
states in the quark model. This question has also stimul
investigations of meson-meson scattering, where these
ticles should be ‘‘seen’’ and which anyway is one of t
classical problems of elementary particle physics. Now i
accepted that the solution to this problem should look l
chiral perturbation theory very close to the meson-me
scattering threshold. But when one moves away from thre
old into the resonance region, this essentially polynomia
to the scattering amplitude requires many higher order te
and is practically difficult to implement. An alternative a
proach which is the stimulus for the present work, involv
retaining chiral symmetry but using a resonance rather th
polynomial basis for the scattering amplitude. This will n
be as accurate near threshold but may be expected to g
simple reasonable picture in the energies up to the 1 G
region. The 1/Nc approximation to QCD@28# provides a mo-
tivation but not a strict proof of this method. Recently it h
been applied topp scattering@6#, pK scattering@7# and to
h8→hpp decays@9#. A light scalar-isoscalar,s(560), and
a light scalar-isospinor,k(900), were found to be necessa
to fit the pp and pK scattering data. The knownf 0(980)
was also included as a direct channel resonance in thepp
case and the knowna0(980) was observed to play an impo
tant role in theh8→hpp decay processes. In the prese
paper we directly investigate theph scattering process
which is expected to feature thea0(980) as well as the
higher scalar isovectora0(1450). We are employing the
same method as in the previous treatments in the hop
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checking the validity and improving our understanding of t
approach. For the case ofph scattering, a comparison of th
one-loop chiral perturbation theory approach with a mode
introducing resonances has been given in@29#.

As before, the amplitude will be constructed from a chi
invariant Lagrangian treated at tree level but ‘‘regularize
near the direct channel poles. The regularization will be
garded as restoring unitarity in the vicinity of the poles. T
resulting amplitude starts out crossing symmetric but not
actly unitary. The burden of the method is to approximat
satisfy unitarity as well as crossing symmetry. It seems r
sonable to include in the effective Lagrangian all resonan
in the range up to the maximum energy of interest. We f
low this rule up to about 1 GeV but, for simplicity, only kee
the clearly relevant direct channel polea0(1450) above this
energy.

The ph scattering actually does turn out to contain som
interesting differences from thepp andpK cases. In those
cases the direct poless(560) andk(900) had to have a
modified Breit-Wigner shape, with an extra parameter,
order to fit the experimental data. This is not unreasona
since these resonances appear in direct competition with
large ‘‘current-algebra’’ contact terms, as well as strong v
tor meson exchange contributions, and thus do not domin
their own channels. As already seen in the discussion ofh8
→hpp decay @9#, vector meson exchanges and ‘‘curre
algebra’’ contact terms do not contribute toph scattering in
the elastic region. Thus it is appropriate to use the ordin
Breit-Wigner unitarization for thea0(980).

In Sec. II we give our notation for the scattering proble
and treatph scattering in the region where the elastic a
proximation seems reasonable. This leads to a descriptio
the a0(980) which is consistent with recent experimen
data@30#. Section III contains a discussion of the problem
unitarizing theI 5J50 partial wave amplitude and a com
parison of the unitary amplitude with our crossing symmet
one. In Sec. IV theph channel is discussed in the inelast
region, up to about 1.6 GeV, which contains thea0(1450)
resonance. The model was simplified by leaving out a nu
ber of higher mass resonance crossed-channel exchang
©2000 The American Physical Society30-1
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start on the more involved problem of including other cha
nels is made in Sec. V. Multi-channel unitarity is checked
the simplified model. A brief summary and directions f
further work are given in Sec. VI. Appendix A gives ou
chiral Lagrangian and numerical parameters, while Appen
B shows the elasticI 5J50 ph partial wave amplitude to
interested readers.

II. ELASTIC ph\ph SCATTERING AMPLITUDE

We now discussph scattering in a similar way to tha
previously employed forpp andpK scattering. In this sec
tion we limit attention to the energy range~up to roughly 1.2
GeV! where the elastic approximation seems at least qu
tatively reasonable.

The amplitude, as in the previous treatments, will be
tained from the tree graphs of the chiral Lagrangian of ps
doscalars, vectors and scalars given in Appendix A. Thi
motivated by the largeNc approximation to QCD. As is wel
known experimentally, the low energyph scattering is
dominated by thea0(980) scalar resonance.

In detail theph scattering turns out to be much simpl
than thepp andpK @6,7# cases. In those examples the lea
ing contributions near threshold were due to the so-ca
current algebra contact term@from the first term of Eq.~A6!#
and the terms associated with vector meson exchange.
easy to see, usingG parity and isospin conservation, th
there are no vector meson exchanges possible forph→ph
scattering at the tree level. Similarly the pseudoscalar con
contribution @first term of Eq. ~A6!# which has the same
structure as the vector meson exchange contribution, v
ishes identically forph scattering.

Thus, considering at first only exchanges of particles l
than about 1 GeV in mass restricts us to the scalar mes
This process then provides a very clean channel for stud
the scalar meson properties. Feynman diagrams, represe
the contribution of the scalar mesons to the scattering am
tude, are shown in Fig. 1. The tree level invariant amplitu
is then simply

FIG. 1. Feynman diagrams representing the contributions to
ph→ph scattering amplitude of scalar mesonss(560) and
f 0(980),~a!, a0(980) in the u-channel,~b! and in the s-channel~c!.
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2 !2
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~s2mp
2 2mh

2 !2

ma0

2 2s

12
mp

2

Fp
2

cos2up . ~2.1!

Heres, t, andu are the usual Mandelstam variables. Theg ’s,
scalar→pseudoscalar-pseudoscalar coupling constants, w
numerically determined in previous papers@6–9#. Finally,
the last term in Eq.~2.1! is a small correction which arise
from the pseudoscalar symmetry breaker of Eq.~A12! and
involves theh2h8 mixing angleup . Numerical values of
this and other relevant parameters are listed in Appendix
Note that the momentum dependences in the numerator
the scalar exchange diagrams originate from the chiral s
metric interaction of Eq.~A9!.

The structure of this amplitude is similar to that for th
decay processh8→hpp. It was found@9# that an appropri-
ate choice of the parametersC andD in Eq. ~A9! was able to
explain the Dalitz plot and overall rate for this decay proce
(A andB had previously been found frompp andpK scat-
tering @8#!.

An important check of the amplitude is that it obeys t
general crossing symmetry relation:

Aph~s,t,u!5Aph~u,t,s!. ~2.2!

While this maps the physicalph scattering region to an
unphysical one, it is a restriction on the analytic form
Aph(s,t,u).

Of course, as written, Eq.~2.1! cannot be meaningfully
compared with experiment for a range of energy beyon

e

FIG. 2. Plot of the real part of thel 50 partial wave projection
of Eq. ~2.1! with the regularization of Eq.~2.3!.
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GeV because there is a physical divergence ats5ma0

2 . A

usual way to handle this problem is to ‘‘regularize’’ the e
pression by making the substitution:

1

ma0

2 2s
→ 1

ma0

2 2s2 ima0
Ga0

8 u@s2~mh1mp!2#
, ~2.3!

where theu function guarantees that there is no imagina
part below threshold. A similar substitution for 1/(ma0

2 2u)

which maintains crossing symmetry@Eq. ~2.2!# gives no
imaginary piece sinceu<(mh2mp)2 in the physical scatter
ing region. The quantityGaa

8 in the elastic approximation is

interpreted as the decay rate fora0(980)→ph:

G~a0→ph!5
uppu

32pma0

2
gaph

2 ~ma0

2 2mp
2 2mh

2 !2, ~2.4!

wherepp is the final pion’s momentum in thea0 rest frame.
Analysis of the h8→hpp process fixed G(a0→ph)
'65 MeV while in the same model~see end of Sec. IV of
@8#! it was estimated thatG(a0→KK̄)'5 MeV. Thus the
elastic approximation forph scattering seems not too ba
even slightly beyond theKK̄ threshold. The effect of this
small inelasticity is taken into account by usingGa0

8

'70 MeV rather than 65 MeV.
To go further in the analysis it is important to discuss t

unitarity constraint on the scattering amplitude. This is co
veniently done with the aid of the partial wave projection
Since we are dealing withph scattering the projection wil
always leave us in the I51 channel~all of p1h, p2h and
p0h have the same amplitude!. Considering a more genera
case for later use, the desired angular momentuml partial
wave amplitude is given by

Tab; l~s!5Ara~s!rb~s!E
21

1

d cosuPl~cosu!Aab~s,t,u!,

~2.5!

whereu is the center of mass scattering angle and

ra~s!5
qa~s!

16pAs
, ~2.6!

with qa(s) the center of mass momentum for channela,
containing particlesa1 anda2:

qa
25

s21~ma1

2 2ma2

2 !222s~ma1

2 1ma2

2 !

4s
. ~2.7!

Aab(s,t,u) stands for the invariant amplitude for channe
→ channel b. The two-body channels of interest are deno
15ph, 25KK̄, and 35ph8. For the elastic region, o
course,A11 is given byAph in Eq. ~2.1!.

The partial wave amplitudesTab; l are related to the
S-matrix elements by
07403
-
.

d

Sab; l5dab12iTab; l , ~2.8!

which satisfy ~in the two-particle channel dominance a
proximation! the unitarity formula

(
b

Sab; lScb; l* 5dac . ~2.9!

Since the S-matrix is unitary,uSab; l u<1 for each of its en-
tries and so obviously Re(Sab; l)<1 and Im(Sab; l)<1. This
leads to the very important unitarity bounds on the real a
imaginary parts of the partial wave amplitudes:

Tab; l[Rab; l1 i I ab; l ,

uRab; l u<
1

2
,

uI ab; l u<
1

2
~11dab!. ~2.10!

Usually, if one focuses on the 1→1 channel, the standar
parametrization ofS11 is

S11;l5h le
2id l, ~2.11!

where 0,h l<1 is the elasticity parameter andd l is the
phase shift, in this case forph→ph scattering.

In the present case it is interesting to check the unita
bound for the importantl 50 partial wave amplitude. Fo
simplicity we drop all subscripts and denoteT11;0→R(s)
1 i I (s). It is straightforward to carry out the integration i
Eq. ~2.5!. The results are shown in Appendix B. A plot o
R(s) up to As51.6 GeV, based on taking thel 50 partial
wave projection of Eq.~2.1! with the regularization of Eq.
~2.3! is presented in Fig. 2. We notice that the unitar
bounduR(s)u< 1

2 is satisfied. This is not trivial as the plots o
the individual Feynman diagram contributions in Fig. 3 illu
trate. The s-channel graph contribution violates unitarity

FIG. 3. Individual contributions toR(s) computed as for Fig. 2. SB
is the small symmetry breaking contribution.
0-3



n
th

wn
r
f

of
os
h
is

y

y

-
th
ss

q.
e
he
ng

ult

in

tu
e

-
th
e

-

,
.

se
is-
ce-
t the
he
,
k-
ct

it-

cal
nd:

ich
is

u

tion,
-
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itself but thes and other exchanges act to restore the bou
Nevertheless, the s-channel graph contribution is clearly
dominant one.

All in all, the essentially zero parameter prediction sho
in Fig. 2 seems reasonable. Of course, satisfying the unita
bound is a necessary rather than a sufficient condition
unitarity. To go further one may take different points
view. The simplest is to consider that our prediction is m
accurate and just given for the real part of the amplitude. T
motivation for this is that the tree graph approximation
purely real. Imaginary parts are introduced1 as regulariza-
tions like Eq.~2.3! in the vicinity of the resonance and ma
be regarded as~formally small! higher order effects. If we
then choose to regard onlyR(s) as predicted, we can satisf
unitarity by solving the unitarity formulauSu5uhu, which
reads explicitly

R2~s!1F I ~s!2
1

2G2

5Fh~s!

2 G2

, ~2.12!

for I (s). The elasticity factorh(s) may be taken to be ap
proximately one. This procedure does not exactly solve
problem of finding an amplitude which satisfies both cro
ing symmetry and unitarity. WhileR(s) coincides with the
real part of thel 50 projection of the crossing symmetric E
~2.1!, I (s) obtained from Eq.~2.12! above does not coincid
with the imaginary part of this projection. We note that t
problem of constructing an invariant amplitude satisfyi
both crossing symmetry@Eq. ~2.2!# and unitarity@Eq. ~2.12!#
for all its partial wave projections is an ancient and diffic
one.

III. MORE ON UNITARITY

In the preceding section we started from the cross
symmetric invariant amplitude Eq.~2.1! and regularized it
according to the crossing symmetric prescription Eq.~2.3!.
There was no guarantee that itsl 50 partial wave projection
would be unitary or even satisfy the unitarity bounds. For
nately the real partR did satisfy the unitary bound and w
could choosean imaginary part I according to Eq.~2.12!
such that partial wave unitarity in thel 50 channel was sat
isfied. This was at the expense of crossing symmetry for
imaginary partI. To see by how much the original amplitud
Eq. ~2.1! with the regularization Eq.~2.3! and its own imagi-
nary part~i.e. the pure crossing symmetric case! violates uni-
tarity, we have plotteduSu in Fig. 4. It is seen that the uni
tarity violation in the elastic case~dashed line! is not very
severe; this is due to the fact that thea0(980) resonance
which is approximately of Breit-Wigner shape, dominates

If uR(s)u had turned out to be greater than1
2 at some

1In the treatments ofpp andpK scattering@6,7# the regulariza-
tions for thes andk were introduced as arbitrary parameters wh
were varied to makeR(s) agree with its experimental shape. This
very different from the presenta0(980) case which doesnot have
the large current algebra and vector meson exchange backgro
which greatly complicate the analysis.
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values ofs, we would have of course been unable to impo
unitarity with the above method. It seems interesting to d
cuss a more or less conventional type of unitarization pro
dure which can be used in such a case. This operates a
level of thel 50 partial wave amplitude. We decompose t
S matrix into a piece associated with thea0 resonance pole
Spole , and a piece associated with the remaining ‘‘bac
ground’’ terms (t and u-channel exchanges and conta
term!, SB . The totalS matrix is written as the product

S~s!5SB~s!Spole~s!

5e2idB(s)
ma0

2 2s1 ima0
G~s!

ma0

2 2s2 ima0
G~s!

. ~3.1!

In this form unitarity,uSu51, is obvious. Now, usingS51
12iT yields for the partial wave amplitude,

T~s!5TB~s!1Tpole~s!5eidB(s)sindB~s!

1e2idB(s)
ma0

G~s!

ma0

2 2s2 ima0
G~s!

. ~3.2!

For orientation, note that when the background phasedB
vanishes andG(s) is constant, this reduces to a pure Bre
Wigner form which is known to be unitary. IfdB5 d̄B and

G5Ḡ are taken as constants we get the conventional lo
form @32# for a narrow resonance in a constant backgrou

Tpole'e2i d̄B

ma0
Ḡ

ma0

2 2s2 ima0
Ḡ

. ~3.3!nds

FIG. 4. Unitarity of crossing symmetricS matrix for ph→ph
scattering. The dashed line corresponds to the elastic assump
Ga0

8 565 MeV in Eq.~2.3!, while the solid line takes some inelas

ticity into account by settingGa0
8 570 MeV as explained in the

text.
0-4
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CHIRAL LAGRANGIAN TREATMENT OF ph SCATTERING PHYSICAL REVIEW D 61 074030
As an example of an application of this last formula, w
remark that the presence of a lights in pp scattering pro-
duces@6# a background phased̄B'p/2 near thef 0(980).
This results in an overall minus sign which converts the re
nance peak into a dip. This is the same mechanism—
Ramsauer-Townsend effect—which was observed in ato
scattering@32# a long time ago.

Returning to the present case of elasticph scattering in
the l 50 partial wave, we should, to get an exactly unita
amplitude, identify in Eq.~3.2!

G~s!5
q

32pmaAs
gaph

2 ~s2mp
2 2mh

2 !2, ~3.4!

whereq is the center of mass momentum. Furthermore, n
ing thatTB(s) as obtained from the partial wave projectio
of the appropriate terms in Eq.~2.1! is purely real, we iden-
tify dB(s) from

1

2
sin@2dB~s!#5RB~s!. ~3.5!

In order thatTB be unitary we must thenmanufacturean
imaginary part from Eq.~3.5! as

I B~s!5sin2@dB~s!#. ~3.6!

The amplitude so constructed will satisfySS* 51 exactly
but is, since among other things we have addedI B(s) by
hand, expected to violate crossing symmetry.

To summarize, we compare in Fig. 5 the real and ima
nary parts of thel 50 projection of the crossing symmetr
amplitude obtained in Sec. II with the exactly unitary amp
tude just discussed. It is encouraging for the method that
crossing symmetric but not exactly unitary amplitude is clo
to the unitary but not exactly crossing symmetric amplitu
Reasonably, the difference between the two curves give
measure of the systematic uncertainties in the pre
method. Of course, there is no guarantee that the true s
tion lies between the two curves.

IV. ph SCATTERING IN THE INELASTIC REGION

Here we give a start on extending the previous analysi
ph scattering in the 1.2–1.6 GeV region, where the effe
of inelastic channels, namelyph→KK̄ andph→ph8, are
expected to become important. For a full description
should use a coupled three-channel approach. Accordin
our initially stated picture we should also include all of t
resonance multiplets up to about 1.6 GeV as exchange
ticles. This amounts to a fairly large number of resonanc2

2In our treatment we shall first neglect exchanges of the spin
nonet which includes f 2(1270), a2(1320), K2* (1430), and
f 28(1525). We shall also neglect the isoscalar spin zero resona
f 0(1370), f 0(1500), andf J(1710), whose properties are not y

definitively known. Finally in theph→KK̄ reaction we shall ne-
glect theK* (1410) andK2* (1430) resonances.
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~including some whose masses and decay properties are
yet firmly established! and suggests that such an ambitio
program be postponed. In the present paper we shall su
the situation in analogy to an earlier treatment ofpK scat-
tering in @8# by concentrating on theph→ph channel. In
the 1.2–1.6 GeV region thea0(1450) is the only scalar reso
nance in the direct channel. We shall also compute theph
→KK̄ and ph→ph8 amplitudes in our model, including
the effects of thea0(1450). For these off-diagonal transition
we shall be mainly content to check unitarity.

Our approximation for theph→ph amplitude up to
about 1.6 GeV then consists of the sum of the amplitu
given in Sec. II and a piece associated with thea0(1450)
resonance. The piece in Sec. II is thel 50 partial wave pro-
jection of the invariant amplitude in Eq.~2.1!, regularized
according to Eq.~2.3!. This gives an exactly crossing sym
metric partial wave amplitude which we also saw in Sec.
to be not very different from an exactly unitary partial wa
amplitude. The regularized invariant amplitude including t
a0(1450) is taken to be

o

es

FIG. 5. Comparison of the real and imaginary parts of the
actly crossing symmetric amplitude obtained in Sec. II with t
exactly unitary amplitude obtained in Sec. III.
0-5
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Aph~s,t,u!'•••1
ga8ph

2

4

~u2mp
2 2mh

2 !2

ma8
2

2u

1e2i d̄a8
ga8ph

2

4

~s2mp
2 2mh

2 !2

ma8
2

2s2 ima8G tot~a8!
,

~4.1!

wherea8 denotes thea0(1450) and the ellipsis stands for th
other terms just mentioned. The coupling constants are
lated to the widths by an obvious generalization of Eq.~2.4!.
We have illustrated how to regularize thes-channel pole
term as in Eq.~3.3! so as to maintain unitarity near whe
this term would have blown up. The phased̄a8 is evaluated
from

1

2
sin@2d̄a8#5R~s5ma8

2
!, ~4.2!

whereR(s) is the real part of the partial wave amplitude d
to the background supplied by the regularized Eq.~2.1!. We
could multiply the u-channel term also bye2i d̄a8 to force
crossing symmetry. Actually, we see from Fig. 2 thatR(s
5ma8

2 ) is zero to good accuracy so this correction is n
needed in the present case. Figure 3 shows that this sim
fication arises because of cooperation between the pole
exchange terms. Withd̄a850, Eq. ~4.1! is manifestly cross-
ing symmetric@see the remark after Eq.~2.3!#.

Note that Eq.~4.1! explicitly takes some account of in
elasticity sinceG tot(a8)5265613 MeV @31# is not just got-
ten from thea0(1450)→ph width as in the generalization o
Eq. ~2.4! but will be computed as

G tot~a8!'Gph~a8!1GKK̄~a8!1Gph8~a8!. ~4.3!

This corresponds to the assumption that theph, KK̄, and
ph8 decay modes listed in@31# saturate thea0(1450) decay,
although that assumption is not yet confirmed experim
tally. If the experimental ratios@31#

GKK̄

Gph
50.8860.23 ~4.4!

and

Gph8
Gph

50.3560.16 ~4.5!

are taken together with this assumption we deduce

G@a0~1450!→ph#'119626 MeV,

G@a0~1450!→KK̄#'105636 MeV,

G@a0~1450!→ph8#'42623 MeV. ~4.6!

Actually these three partial widths should be related to e
other by flavor SU~3! invariance. A best fit, on this assump
tion, yields the slightly different central values:
07403
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GSU(3)@a0~1450!→ph#'155 MeV,

GSU(3)@a0~1450!→KK̄#'86 MeV,

GSU(3)@a0~1450!→ph8#'24 MeV. ~4.7!

A more detailed discussion of thea0(1450) decay modes is
given in @27#.

The real part of thel 50 partial wave amplitude is plotted
up to 1.6 GeV using both Eq.~4.6! and Eq.~4.7! in Fig. 6.
We see that these two cases are relatively close.3 Our predic-
tion for the real part of the scattering amplitude natura
remains within the allowed range of20.5 to 0.5@except for
a negligible deviation near the location of thea0(980)#. We
have also plotted in Fig. 7 uT11u5uT(ph→ph)u
5uR111 i I 11u. This also is seen to satisfy the unitarity boun
uT11u<1. It thus seems that theph→ph scattering channe
is remarkably simple in the approximation where t
a0(1450) describes the inelastic region around 1.5 GeV. T
partial wavel 50 amplitude is obtained as a projection of a
exactly crossing symmetric invariant amplitude and the u
tarity bounds are satisfied.

V. OFF-DIAGONAL CHANNELS

Now we present an initial study of theph→KK̄ and
ph→ph8 reactions in the energy range up to about 1
GeV. The Feynman diagrams needed to construct theph
→KK̄ invariant amplitude in our model are shown in Fig.

Unlike the precedingph→ph case, vector meson ex

3In subsequent plots we shall continue the same convention w
the solid line represents the Eq.~4.7! determination and the dashe
line represents the Eq.~4.6! determination.

FIG. 6. Our prediction for the real part of theph→ph scatter-
ing amplitude up to 1.6 GeV. The case where the decay prope
of thea0(1450) are taken from Eq.~4.7! is represented by the solid
line, and may be compared with the case using the estimate
~4.6! shown by the dashed line.
0-6
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CHIRAL LAGRANGIAN TREATMENT OF ph SCATTERING PHYSICAL REVIEW D 61 074030
changes and also contact terms arising from the first term
Eq. ~A6! are now allowed. The contact contributions to t
amplitude for Aph→KK̄(s,t,u) for p1h→K1K̄0 from the
first term of Eq.~A6! ~‘‘current-algebra’’ term! together with
a piece from the third term of Eq.~A6! ~due to addition of
vector mesons in a chiral symmetric way! are

2s2t2u

3Fp
2 S cosup

A2
1sinupD F12

3grpp
2 Fp

2

4mr
2 G . ~5.1!

FIG. 7. Modulus of theph→ph scattering amplitude.

FIG. 8. Feynman diagrams representing the contributions to

ph→KK̄ scattering amplitude of~a! contact terms,~b! and ~c!
vector mesons,~d! and ~e! strange scalark(900) mesons and~f!
a0(980) anda0(1450) mesons.
07403
of

The second term in the square brackets~from the vectors! is
about 1.6 times the current algebra piece so it reverses
sign exactly as in the cases ofpp andpK scattering@6,7#.
The contact amplitude arising from the pseudoscalar m
splittings in Eq.~A12! is

2

3Fp
2 S cosup

mp
2 1mK

2

A2
2sinupmK

2 D , ~5.2!

and turns out to be completely negligible. TheK* (890) ex-
change contributions shown in~b! and~c! of Fig. 8 are found
to be

e

FIG. 9. Real parts of contributions to thel 50 partial wave

amplitude forph→KK̄.

FIG. 10. Real part of the totall 50 partial wave amplitude for

ph→KK̄.
0-7
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2S grpp

2 D 2S cosup

A2
1sin upD

3Fu2s1@~mp
2 2mK

2 !~mK
2 2mh

2 !#/mK*
2

mK*
2

2t G1~ t↔u!. ~5.3!

The k(900) exchange contribution@~d! and ~e! of Fig. 8#
turns out to be negligible but arises from the amplitude pi

gkKpgkKh

4

~ t2mp
2 2mK

2 !~ t2mK
2 2mh

2 !

mk
22t

1~ t↔u!. ~5.4!

Finally, thes-channel contributions from thea0(980) and
a0(1450), shown in~f! of Fig. 8, are being described by th
regularizedamplitude

(
a

gaphgaKK

4

~s22mK
2 !~s2mp

2 2mh
2 !

ma
22s2 imaGa

tot , ~5.5!

where the sum is overa5a0(980) anda0(1450). The entire
amplitude forph→KK̄ is the sum of the terms above and
invariant undert↔u exchange, as expected from char
conjugation invariance.

To proceed we have taken the projection of the amplitu
into the l 50 partial wave using Eq.~2.5!. The real parts of
the non-negligible individual components are shown in F
9. ~Notice that the vertical scale has been greatly increase
accommodate the rather large individual contributions he!
We see that the contact terms are dominant although
partially cancel each other.

The total real part of theph→KK̄ partial wave is shown
th
ib
re

a

nd
s
at
a

07403
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in Fig. 10. Amusingly, all the large pieces in Fig. 9 collab
rate with each other to satisfy the unitarity bound up to ab
1.6 GeV. To test this further we included the imaginary pa
of the partial wave amplitude, due to the regularization
troduced in Eq.~5.5!. The plot is shown in Fig. 11. It is see
that the stronger unitarity bounduT12;0u<

1
2 is violated only

above 1.5 GeV.
Finally let us consider theph→ph8 amplitude. The tree

level Feynman diagrams are evident modifications of th
shown in Fig. 1 for theph→ph case. We have the regu
larized @due to thea0(980) anda0(1450) poles# tree ampli-
tude

FIG. 11. Plot of the magnitude of thel 50 partial wave ampli-

tude forph→KK̄.
Aph→ph8~s,t,u!5 (
r 5s, f 0(980)

g rppg rhh8

A2

~ t22mp
2 !~ t2mh

22mh8
2

!

mr
22t

1
mp

2

Fp
2

sin2up1(
a

gaphgaph8
4 F ~s2mp

2 2mh
2 !~s2mp

2 2mh8
2

!

ma
22s2 imaGa

tot
1

~u2mp
2 2mh

2 !~u2mp
2 2mh8

2
!

ma
22u

G , ~5.6!
e

tely
.6
e-
where the a-summation goes overa0(980) anda0(1450).
The second term is a small contact correction due to
pseudoscalar meson mass splittings. The individual contr
tions to thel 50 partial wave projection of this amplitude a
shown in Fig. 12 while the totall 50 projection is illustrated
in Fig. 13. In this case, where the large contact terms
absent, the unitarity bounduReT13;0u<

1
2 is satisfied all the

way up to 1.6 GeV. This also holds for the stronger bou
uT13;0u<

1
2 , including the effects of the imaginary part a

shown in the plot of Fig. 14. It is worthwhile to observe th
the a0(1450) does not dominate either of the off-diagon

ph→KK̄ or ph→ph8 channels.

Having looked at the individualph→ph, ph→KK̄,
e
u-

re

,

l

and ph→ph8 channels it is now interesting to check th
unitarity relation for thesel 50 S-matrix elements

(
a

S1a;0S1a;0* 51, ~5.7!

on the assumption that the two-particle channels comple
saturate the s-waveph scattering at energies up to about 1
GeV. Expressing this formula in terms of the T-matrix el
ments suggests that we examine the deviation,

D5Im~T11!2uT11u22uT12u22uT13u2 ~5.8!

which should vanish if Eq.~5.7! holds. This is plotted in Fig.
15.
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CHIRAL LAGRANGIAN TREATMENT OF ph SCATTERING PHYSICAL REVIEW D 61 074030
It is seen that our simple model yields, up until about 1
GeV, relatively small violations of unitarity for the s-wav
amplitude. This state of affairs was obtained by project
out thel 50 wave of an invariant amplitude which is exact
crossing symmetric. Thus the relative simplicity ofph scat-
tering enables one to come closer to obtaining an amplit
which is both crossing symmetric and unitary.

The larger violation of unitarity above 1.4 GeV can b
seen to arise from the violation of the unitarity bounds
ready noticed in theph→KK̄ amplitude~see Fig. 11!. In
turn this can be traced to the relatively large contact a
vector meson terms which contribute to this particular o
diagonal process. This is in contrast to theph→ph and
ph→ph8 amplitudes for which the potentially large curre
algebra and vector meson terms were seen to vanish
course the large current algebra and vector meson pi
were very important in previous discussions of thepp and
pK scatterings. In this sense, since they only enter thro

FIG. 12. Real parts of individual contributions to thel 50 par-
tial wave amplitudes forph→ph8.

FIG. 13. Real part of the totall 50 partial wave amplitude for
ph→ph8.
07403
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the ‘‘back door’’ of an off-diagonal channel forph scatter-
ing, theph scattering is effectively simpler to treat in ou
model.

Here, as mentioned above, we have just made an in
exploration of the coupled-channelph scattering problem. A
fuller treatment would include the exchanges of spin 2 a
other higher mass resonances and also scattering proc
having KK̄ and ph8 initial states. For example importan
contributions in theKK̄ case may be expected from th
K* (1410).

VI. DISCUSSION

We studiedph scattering in a model where the startin
amplitude was computed at tree level from a phenome
logical chiral Lagrangian containing exchanges of re

FIG. 14. Plot of the magnitude of thel 50 partial wave ampli-
tude forph→ph8.

FIG. 15. Plot ofD, the deviation from unitarity forph scatter-
ing for l 50 channel.D50 for exact unitarity.
0-9
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nances having masses within the energy range of inte
Divergences at the direct channel poles were regularized
conventional manner. Previously this method was applie
pp scattering andpK scattering; consistency required th
existence ofs(560) andk(900) scalar resonances. Fro
that work and also from a related study ofh8→hpp decay,
all the light scalar-pseudoscalar-pseudoscalar coupling
stants were determined. These were used without chang
the present work, which essentially involves no new para
eters.

At the moment, existing experimental data@33# related to
ph scattering have been used to extract resonance pa
eters but apparently not to furnish conventional partial wa
phase shifts. Clearly it will be important to compare o
results with the phase shifts when they become available

For now it seems interesting to compare the phase s
obtained from the elastic part of our amplitude~up to about
1.0 GeV! with that gotten in an earlier theoretical calcul
tion. Bernardet al. @29# calculated the elasticph amplitude
in a unitarized chiral model with a different treatment
scalar resonances. Their main result, that the amplitud
dominated by thea0(980), is confirmed by our work. In Fig
16 we show the phase shift as a funtion ofAs corresponding
to both the exactly crossing symmetric amplitude~Sec. II!
and the exactly unitary amplitude~Sec. III!. The circles are
points on the predicted curve of@29#. It is seen that the
agreement is quite reasonable, although for lower ener
their phase shift is generally a little lower than ours. This c
easily be understood by examining, for example, the ene
independent symmetry breaking contribution@last term of
Eq. ~2.1!#. Our choice ofh2h8 mixing angle gives cos2up
'0.64. On the other hand in@29# theh8 effects are neglected
which corresponds to decoupling theh8 and a value
cos2up'0.33.

In the present paper we first examined the roughly ela
region ~up to about 1.2 GeV! which is dominated by the
a0(980) resonance. It is noteworthy that neither vector m
sons nor large ‘‘current algebra’’ contact terms can contr
ute in this region, unlike thepp and pK cases. The non
trivial contributions all arise from light scalar meso
exchanges. Thusph scattering seems an excellent chan
for learning more about these resonances which are of g
current interest. Our model in Sec. II was exactly cross
symmetric, but not exactly unitary. To see why that mo
which features ana0(980) with mass and width consiste
with the experimental values is not automatically unitary
note the following two points: First, the amplitude is mo
general than a pure Breit-Wigner pole for thea0(980)
s-channel sinces and f 0 t-channel exchanges anda0(980)
u-channel exchange also exist. Furthermore chiral symm
dictates a non-trivial momentum dependence of the coup
factors.

To further investigate this question we constructed~in
Sec. III! a related partial wave amplitude which we ma
unitary without regard for crossing symmetry. A comparis
of the unitary and the crossing symmetric amplitudes show
that they were in fact close; the difference between th
gives an estimate of the uncertainty of our approach.

It is encouraging to us that treating thea0(980) in ph
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scattering by the same method as used in earlier discuss
of pp scattering@in which a s(560) and thef 0(980) ap-
peared# andpK scattering@in which ak(900) was needed#
seems to be reasonable. Now, all the members of a pos
low-lying scalar nonet have been studied through their
pearance in meson-meson scattering. Of course, many q
tions remain. One concerns the ‘‘family’’ structure of such
possible nonet; we have discussed some speculations on
aspect elsewhere@8,27#. From the present viewpoint, th
most important aspect concerns improving our understand
of the meson-meson chiral scattering amplitude. Clearly,
way to proceed is to examine the model at higher energ

We thus made a preliminary exploration in Sec. IV of t
nearby inelastic region~roughly 121.5 GeV). This range
features thea0(1450) scalar resonance. It turns out that t
earlier terms produce essentially zero background inter
ence at the position of thea0(1450). Thus, it is natural to add
this particle into the picture directly, yielding a crossin
symmetric amplitude. This amplitude was seen to satisfy
unitarity bounds when the effects of inelasticity were inco
porated in the regularization of thea0(1450) pole. The in-
complete experimental data on thea0(1450) branching ratios
were interpreted with the aid of a simple model. Simil
preliminary discussions were given for theph→KK̄ and
ph→ph8 off-diagonal processes. An additional complic
tion showed up in theph→KK̄ case. Here the vector meso
K* exchange and a large current algebra contact term b
contribute as in thepp andpK scatterings. Nevertheless
was found that the exactly crossing symmetric amplitud
for ph→ph, KK̄, and ph8 satisfied the unitarity relation
amongst themselves to a reasonable accuracy until abou
GeV.

There are many interesting directions for future wo
Clearly a full 3-channel analysis and investigation of vario
alternative unitarization schemes are suggested. Inclusio

FIG. 16. The dashed line represents the s-waveph phase shift
d0 obtained from the crossing symmetric amplitude Eq.~2.1! regu-
larized according to Eq.~2.3!. The solid line representsd0 obtained
from the unitary amplitude of Eqs.~3.1! and ~3.4!. Finally the
circles are points from Fig. 1 of@29#.
0-10
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CHIRAL LAGRANGIAN TREATMENT OF ph SCATTERING PHYSICAL REVIEW D 61 074030
the many resonances in the 1–1.5 GeV range which ca
exchanged is also desirable. Especially interesting are
effects of the isoscalar scalars in this energy regime.
gether with parallel expanded treatments of thepp andpK
cases we may hope to learn about a second possible s
nonet containing thea0(1450) andK0* (1430). The knowl-
edge of the scalar coupling constants obtained from refi
analyses can be useful in the treatment of other phys
processes. The recently measured@2# radiative decay
f(1020)→a0(980)1g is especially important.
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APPENDIX A: CHIRAL LAGRANGIAN

First we write the chiral Lagrangian of pseudoscalars a
vectors. This makes use of the 333 matrix U5e2i (f/Fp)

whereinf represents the usual 333 matrix of pseudoscala
fields. Defining the square rootj by U5jj we consider the
combinations

pm5
i

2
~j]mj†2j†]mj!,

vm5
i

2
~j]mj†1j†]mj!. ~A1!

Under a chiral transformationU→ULUUR
† , j transforms as

j→ULjK†~f,UL ,UR!5K~f,UL ,UR!jUR
† , ~A2!

which definesK(f,UL ,UR). A vector meson nonetrm trans-
forms as a gauge field

rm→KrmK†1
i

g̃
K]mK†. ~A3!

Similarly

vm→KvmK†1 iK ]mK†, ~A4!

while

pm→KpmK†. ~A5!

The chiral invariant~neglecting quark mass induced term!
Lagrangian of pseudoscalars and vectors may then be wr
as

L152
Fp

2

8
Tr~]mU]mU†!2

1

4
Tr@Fmn~r!Fmn~r!#

2
1

2
mr

2TrS rm2
vm

g̃
D 2

2
m0

2Fp
2

96 S ln
detU

detU†D 2

, ~A6!
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where Fmn5]mrn2]nrm2 i g̃@rm ,rn# is the vector meson
gauge field strength. Fp50.131 GeV is the pion decay con
stant,g̃ is the vector meson gauge coupling constant andm0

is a mass for the unmixedh8 field. g̃ is related to ther
meson width by

G~r→pp!5
grpp

2 qp
3

12pmr
2

, grpp5
mr

2

g̃Fp
2

'8.56 ~A7!

and mr50.77 GeV. qp is the pion momentum in the res
frame of the decayingr meson. The last term in Eq.~A6!
reflects theU(1)A anomaly in QCD and allows theh8 par-
ticle to have a suitably large mass. We takemp

50.137 GeV, mK50.496 GeV, mh50.547 GeV, mh8
50.958 GeV, andmK* 50.890 GeV.

Next consider the chiral invariant Lagrangian involvin
the scalar nonet fieldN. We note@34# thatN may be taken to
transform as

N→KNK†. ~A8!

Then it is clear that

L52
1

2
Tr~DmNDmN!2aTr~NN!2cTr~N!Tr~N!

1Fp
2 @Aeabcede fNa

d~pm!b
e~pm!c

f 1BTr~N!Tr~pmpm!

1CTr~Npm!Tr~pm!1DTr~N!Tr~pm!Tr~pm!#, ~A9!

where Dm5]m2 ivm , is chirally invariant. The coupling
constants describing scalar→ pseudoscalar1 pseudoscalar
are given in terms of the coefficientsA, B, C, andD; these
were determined frompp scattering,pK scattering and
h8→hpp decay in@8,9#. As an explicit example of a cou
pling constant describing a trilinear interaction among is
multiplets extracted from Eq.~A9! consider

2LNff5
gkKp

A2
~]mK̄t•]mpk1H.c.!1•••, ~A10!

which yields the identificationgkKp522A. The other terms
in this isotopic spin decomposition are also given in@8#.

Symmetry breaking terms must still be added. These
volve the ‘‘spurion’’ matrix

M5diag~1,1,x! ~A11!

wherex'20.5 @35# is the strange to nonstrange quark ma
ratio. Pseudoscalar mass terms are proportional to

Tr~UM †!1H.c., ~A12!

vector mass splitting terms are contained in a term

Tr@j†Mj†~ g̃rm2vm!2#1H.c. ~A13!

and finally scalar meson mass splittings are contained in
0-11
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2
b

2
Tr~NNj†Mj†!1

d

2
Tr~N!Tr~Nj†Mj†!1H.c.

~A14!

A detailed discussion of the scalar meson mass terms
the determination of the parametersa, b, c, andd was given
in @8#.

The main effects of these mass splitting terms are to g
each particle its correct experimental mass and to accom
date mixing between particles of the same spin-parity
isospin. Our conventions for theh2h8 and s2s8 mixing
are

S h

h8
D 5S cosup 2sinup

sinup cosup
D S ~f1

11f2
2!/A2

f3
3 D ~A15!

and

S s

f 0
D 5S cosus 2sinus

sinus cosus
D S N3

3

N1
11N2

2

A2
D . ~A16!

The asymmetry in these two definitions reflects the pre
dice that in the ideal mixing limit~zero mixing angle! the
heaviest pseudoscalarh8 is identified asf3

3 while the light-
est scalars is identified asN3

3. We choose the conventiona
valueup537 ° and a valueus5220.3 ° as discussed in@8#.
This corresponds to the scalar meson masses~needed to ex-
plain pp andpK scattering in our model!:

ms5550 MeV, mf 0
5980 MeV

ma0
5983.5 MeV, mk5897 MeV. ~A17!

We take the heavier scalar isovector to have a mass g
by @31#, namely m@a0(1450)#51.474 GeV. The coupling
constants for the light scalars to two pseudoscalars rele
for the present paper are~in units of GeV21) @8,9#

gspp57.27, gshh54.11, gshh852.65

g f 0pp51.47, g f 0hh51.72, g f 0hh8529.01

ga0ph526.80, ga0KK̄525.02, ga0ph8527.80

gkKp525.02, gkKh520.94. ~A18!
,
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APPENDIX B: PARTIAL WAVE PROJECTION
OF ph\ph ELASTIC AMPLITUDE

The s-wave projections of the invariant amplitudes rep
sented in Fig. 1 are calculated from thel 50 anda5b51
case of Eq.~2.5!. The direct channel s-wave amplitude is

T11;0
s-channel

5r~s!
ga0ph

2

2

~s2mp
2 2mh

2 !2

ma0

2 2s2 ima0
Ga0

8 u@s2~mh1mp!2#
,

~B1!

wherer(s)[r1(s) in the notation of Eq.~2.6! for channel 1
(ph→ph). The projection of the t-channel amplitude o
Fig. 1~a! is

T11;0
t2channel,r5r~s!q2

g rppg rhh

A2
F2a24g

1~ag2b22g2!lnUg21

g11UG , ~B2!

whereq2 is the center of mass momentum and

a[2
mp

2 1mh
212q2

q2
, b[2

~mp
2 1q2!~mh

21q2!

q4
,

g[
mr

212q2

2q2
. ~B3!

Here there is one term withr 5s and another withr
5 f 0(980). Finally, the l 50 projection of the a0(980)
u-channel exchange amplitude is

T11;0
u-channel5r~s!q2

gaph
2

2 F2B14C1C2lnUB11

B21UG , ~B4!

where

B[
1

2q2
@ma

22mh
22mp

2 12Amp
2 1q2Amh

21q2#

[
Amp

2 1q2Amh
21q2

q2
2C. ~B5!
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@23# V. Dmitrasinović, Phys. Rev. C53, 1383~1996!.
@24# P. Minkowski and W. Ochs, Eur. Phys. J. C9, 283 ~1999!.
@25# S. Godfrey and J. Napolitano, hep-ph/9811410.
@26# L. Burakovsky and T. Goldman, Phys. Rev. D57, 2879

~1998!.
@27# D. Black, A. H. Fariborz, and J. Schechter, Phys. Rev. D~to be

published!, hep-ph/9907516.
@28# E. Witten, Nucl. Phys.B160, 57 ~1979!. See also S. Coleman

Aspects of Symmetry~Cambridge University Press, Cambridg
England, 1985!. The original suggestion is given in G
’t Hooft, Nucl. Phys.B72, 461 ~1974!.

@29# V. Bernard, N. Kaiser, and U-G. Meissner, Phys. Rev. D44,
3698 ~1991!.

@30# S. Teigeet al., Phys. Rev. D59, 012001~1999!.
@31# Particle Data Group, C. Casoet al., Eur. Phys. J. C3, 11

~1999!.
@32# J. R. Taylor, Scattering Theory~Krieger, Boca Raton, FL,

1987!.
@33# See, for example, Crystal Barrel Collaboration, C. Ams

et al., Phys. Lett. B333, 277~1994! and GAMS Collaboration,
C. Alde et al., Yad. Fiz.62, 462 ~1999! @Phys. At. Nucl.62,
421 ~1999!#. See also the results fromph→gg experiments:
JADE Collaboration, T. Oestet al., Z. Phys. C47, 343 ~1990!
and Crystal Ball Collaboration, D. Antreasyanet al., Phys.
Rev. D33, 1847~1986!.

@34# C. Callan, S. Coleman, J. Wess, and B. Zumino, Phys. R
177, 2247~1969!.

@35# See, for example, M. Harada and J. Schechter, Phys. Re
54, 3394~1996!.
0-13


